Topic 3.8 The Tangent Function (Daily Video 1)

AP Precalculus

In this video, we will introduce a third trigonometric function with a strong relationship to sine,
cosine and the slope created by the terminal ray of an angle.

Let's Review!

Recall sine and cosine as defined Definition of tangent
with triangles and the unit circle.
Ifr =1, thensinf = f(@) = tanf = —
Ifr =1, then cos8 = tan 6 _y_/r
x/r
r y
v X
We can think of tangent in three significant ways:
o Asthe of the ray created by 6
e Asthe ratio of the y and x coordinates from the
e As the ratio of the and of 6

The Period of the Tangent Function

The tangent function repeats values every half-circle. It has a period of .

Let's look at an EXAMPLE!

A plane is climbing and rises %2 mile for every 2 miles it travels parallel to the ground. What is the

tangent of the angle of observation for an observer located on the ground? Label the diagram and
show the calculation of the tangent ratio.

0

What should we take away?
e f(x) = tanx can be evaluated in several ways.

o The tangent of the angle a ray makes with the horizontal is the of the ray.

o The tangent of an angle is the ratio of the ___and ___ coordinates at that angle on the
unit circle.

o f(x) = tan x can be rewritten or evaluated using f(x) = ——.

e The period of the tangent function is a , or units.
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Topic 3.8 The Tangent Function (Daily Video 2)

AP Precalculus

In this video, we will explore graphs of the tangent function with transformations and restrictions
on their domains.

Let's WARM UP!

Evaluate Plot the ordered pairs (6, tan 6) on the axes below.
tan 0 tan 2= Recall that he period of f(x) = tanx is 7 units.
3
tan © tan 3® Describe what is happening to the slope of the ray as
6 4 T 3n
x approaches ~and —.
tanZ tan =
4 6
tan = tan
3 How is this related to evaluations of f(x) = tan x?
tan =
2

516 -2m/3 -2 /3 -ml6 0 /6 w3 2 2m/3 5m/6 ™ 76 am/3 3m2 53 1m/6 2n

Transformations

y=atan(b(x — h)) + k

e h shifts the graph and k shifts the graph . The new “center” of
the graph is at the point

e The graph will have its inflection at y = and vertical asymptotes will be at h + half of

the period length. ‘Note: video error: The length of one period is distance between two vertical
asymptotes. “...vertical asymptotes will be at h + half of the period length.”

e aisthe stretch or shrink.
e D affects the of the function.
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Let's look at an EXAMPLE!
Transformations: Shifts/Translations

What is the horizontal shift and vertical shift of y = tan (x - g) + 2? Sketch the graph below,

including the asymptotes. Note: The new “center” is already plotted on the graph.

Horizontal: A o (n2,2)

: . -2m/3 -T1/2 /3 -1i/6 0 16 13 2 2m/3 511/6 ki 711/6 43 32
Vertical: T T ™ ™ m i

Let's PRACTICE!
Horizontal and Vertical Stretches

How does the graph of y = %tan(nx) compare to the graph of the parent function? Sketch the
graph below, including the asymptotes.

1
a=-
2

-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

What should we take away?
The old rules for transformations still apply.

e histhe shift
e kisthe shift
e a affects the heights of function values
e b affects the period (new period = —)
The new “center” is at (h, k). Asymptotes are a to the left and right of (h, k).
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Topic 3.9 Inverse Trigonometric Functions (Daily Video 1)

AP Precalculus

In this video, we will use the concept of inverse functions to investigate the inverses of the sine,

cosine, and tangent functions.

Let's REVIEW!

Suppose you are given f(3) = 4, f(4) = 7,and f(7) = 10.

Predict: f~1(7) = Think: If the output value of f is 7, what is the input value?

74 = Think: If the output value of f is 4, what is the input value?

Let's look at an EXAMPLE!

The inverse trigonometric function will find a

sin~!(x) = arcsin x is the inverse of sin(x)

cos™1(x) = arccos x is the inverse of cos(x)

specific related to a given .
tan~1(x) = arctan x is the inverse of tan(x)
tan~1(1) = because tan =1.
Let’'s PRACTICE!
(3 an ()
-1(= arctan (—
cos <2) NG
V2
arcsin (7> sin™1(0.3)
What should we take away?
Trignometric functions find that go with angles.
Inverse trignometric functions find that go with ratios.

We really need to know our unit circle for special angles.

sin(0) = y — coordinate
cos(B) = x — coordinate

tan(0) = 3;]
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Topic 3.9 Inverse Trigonometric Functions (Daily Video 2)

AP Precalculus

In this video, we will further explore inverse trigonometric functions and consider restrictions on
their domains.

Let's REVIEW!

If we restrict f(x) = sinx 1 Then y = arcsinx is e
to —= < x <2, we get this (51) a function and

2 2 2 . .
graph: looks like this:

/2 /2

If we restrict f(x) = tanx : Then y = arctanx [————— P
to —g <x< g , we get this | is a function and

graph: i 1 i looks like this:

If we restrict f(x) = cosx 14 Then y = arccos x

to 0 < x < m, we get this is a function and

graph: looks like this:

i
o
.

Math Medic




Let's PRACTICE!

1~
1. arcsin (— g) 4. arccos (— %) ( . @> ©.1) (1 ﬁ)
2' 72 ,
( Vi V2 Q)
2 .
V3 V31
(*77 22
2.tan"1(-1) 5.sin71(1)
< (-1,0) (1,0) =
sin(B) = y — coordinate
cos(8) = x — coordinate / V3 71)
- y 27 2
3. cos7 (-1 (_ i) tan(@) = =
(=D 6. arctan N p 79

What should we take away?

e Forinverses to be functions, the original function must be
e To make trigonometric functions one-to-one, the domain needs to be restricted:

sin(x) is restricted to

tan(x) is restricted to

cos(x) is restricted to

e We can use our knowledge of common ratios and the unit circle to determine the value of inverse

trigonometric functions.
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Topic 3.10 Trigonometric Equations and Inequalities (Daily Video 1)

AP Precalculus

In this video, we will solve trigonometric equations and inequalities using inverse functions.

Let's REVIEW!
. . 1
What is sin™?! (E) ?

What is cos (cos‘1 (— ﬂ)) ?

2

Let's look at an EXAMPLE!

Unit Circle from Topic 3.9 video 2
}P

(+9) 17

Find all solutions for 6 using an

inverse. Note: Presenter only found solutions
on the interval 0 < 6 < .

2sin(260) =3
sin(26) =

sin~!(sin(260)) = sin™! <§>

Find the solution for 8 where —g << g

tan(360) > —?

y=tanzx

One period of tan x is shown to the right.

5)

a
.

Te3p<l
6 6

<6<

__or (—,—)
One period of tan(36) is
include _r +E
VAR VRN
T T
(——)v(mg) v (——)
Rewrite the intervals using decimals.

( : ) U ( :

so all solutions would

) U ( :
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Let's PRACTICE! Let3cos(40) = 2 Solve for 8 where 0 < 8 < 27.

2

A == By o= () 9=-— D) g=-——
)_24 )_12 )_24 )_12

What should we take away?

Applying an inverse can be used to solve trigonometric equations and inequalities.
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Topic 3.10 Trigonometric Equations and Inequalities (Daily Video 2)
AP Precalculus

In this video, we will solve trigonometric equations and inequalities using inverse functions, with
and without technology, to answer a question.

Let's look at an EXAMPLE!

Reminders: Make sure your calculator is in RADIAN mode and be sure to write your solutions to
three decimal places.

Where is 4 cos(2x — 1) = 3? Restrict your answers to 4
0<x<2m. ; /\ /\
2
1
0 1| 2 3 4\ 5 2
Where is 4 cos(2x — 1) > 3? Restrict your answers to -1
0<x<2m. 5
-3
-4

Let 2 = sin? x — sinx. Solve for x, where 0 < x < 2m, without using a calculator. Show how you
arrived at your answer.

What should we take away?

e Trigonometric equations and inequalities can be solved analytically or graphically.
e Solutions to trignometric inequalites must be written in interval notation.
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Topic 3.10 Trigonometric Equations and Inequalities (Daily Video 3)

AP Precalculus

In this video, we will continue solving trigonometric equations and inequalities and explore

models in context with reasonable solutions.

Modeling the Sunrise

In a certain town in the United States, the time of sunrise can

be modeled by the equation

y = 1.096sin(0.510x + 1.600) + 6.339

where x represents the month (January = 1,

December = 12), and y represents the time of the sunrise. If
you woke up everyday at sunrise, during what months would

0 1 2 3 4 5 6 7 8 9

you have to wake up before 7:00 AM? Show how you arrived at your answer.

Angle of Elevation

The peak of a mountain is 3,745 feet high. If you are standing 500 feet
from the mountain’s base, what is the measure, in radians, of the angle
of elevation of the mountain’s peak? Show how you arrived at your

answer.

Let's PRACTICE!

500 feet

What is sin~?! (— ?) =07
A T B 2T C T D 2T
) 3 ) 3 ) 3 ) 3

Solve the inequality: cos(2x) > —i for 0 <x <m.

» (03) B) [0.3)
SNES IS WER

A) — 18.409 min B) 7.941 min

Let y = 2x cos(0.3x — 9) + 5 represent the height of a kite bobbing in the wind, where x
represents the number of minutes the kite has been in the air and y is how high the kite is, in
feet. After how many minutes will the kite first reach 20 feet?

C) 25.682 min

D) 34.318 min

What should we take away?

Trigonometric equations and inequalities can be solved analytically or graphically.
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Topic 3.11 The Secant, Cosecant, and Cotangent Functions (Daily Video 1)

AP Precalculus

In this video, we will introduce the reciprocal functions of the sine, cosine, and tangent functions.

Let's look at an EXAMPLE!

The cosecant function:

/P
(0,1)

() = esco= ="
f - oY= sinf y
7T —
cscy =
3 _
csc—- =
| i
The secant function: 0.
£(6) = sech = —— ="
=sec =——=—
cosf  x The cotangent function:
T
_ 1 x cosé@
sec— =
6 f(6) = co tand y sin@
3T _ cotE =
sec—- = =
3
COtT =
Let’'s PRACTICE!
11m
T
csco = COtT =
3 secl.2 =
sec—- =

What should we take away?

e Cosecant, secant and cotangent are reciprocals of sine, cosine and tangent, respectively.

f(t9)=csc9=;=L f(6) =sech =

T

f(@) =cotl = L= = 0
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Topic 3.11 The Secant, Cosecant, and Cotangent Functions (Daily Video 2)

AP Precalculus

In this video, we will further explore the secant, cosecant, and cotangent functions by analyzing
their graphs, domains, and ranges.

Let’'s WARM UP!
Solve for—-m < x < 2m

sinx =0 cosx =0 tanx =0

Let's REVIEW!
Vertical Asymptotes usually occur when the denominator of a function that is a ratio is zero.

Where can we predict asymptotes for secant, cosecant, and cotangent on the interval [, 2r]?
1

f(x) =secx = vertical asymptotes at x =

f(x) =cscx = vertical asymptotes at x =

f(x) = cotx = ! =

vertical asymptotes at x =

Let's look at an EXAMPLE!

Sketch a graph of f(x) = secx from the graph of Sketch a graph of f(x) = cscx from the graph of

COoSs Xx.
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Sketch a graph of f(x) = cotx from the graph of tanx.

— e e e _ — = = ]

1
-2
-3

4

What should we take away?

cotangent

cosecant

secant

asymptotes of

e

between consecutuve asymptotes.

We can use the zeros of cosine, sine, and tangent to predict th
The tangent graph is always increasing between consecutive asymptotes so the cotangent is

secant, cosecant, and cotangent.

always
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Topic 3.12 Equivalent Representations of Trigonometric Functions (Daily Video 1)

AP Precalculus

In this video, we will explore the Pythagorean identities and use them to write equivalent

trigonometric expressions.
Let's REVIEW!
On the unit circle (x,y) = ( , )

The Pythagorean theorem can
be applied to a right triangle
at a point on the unit circle. r=1

x?+y?=

Or in terms of sine and cosine

we get the Pythagorean identity sin? 8 + cos? 6 = 1.

Let's look at an EXAMPLE!

(¥

t
(0.1) ( -
2

S

Use the Pythagorean identity Simplify
sin? 6 + cos? 8 = 1 to write the

identity for tan? 6.

sin@ + cos @ - cotf

Simplify

cot? x — cot? x - cos? x

2

Let's PRACTICE!

o Simplify cos 6 (sec — cos 6)
Simplify tan?6 + 1
A) cot?0
A) cot? 0
B) sin?6
B) sin?6
C) cos?6
C) cos?6
D) csc?6
D) csc?6
What should we take away?
There are two Pytagorean identities sin® 6 + =1landtan?0 = — 1 that can used to

simplify trigonometric expressions.
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Topic 3.12 Equivalent Representations of Trigonometric Functions (Daily Video 2)
AP Precalculus

In this video, we will explore sum, difference, and double-angle identities of sine and cosine.
Let's REVIEW!

tan @ = cscl =

sin® @ 4 cos? 0 = secO =

Verify sin(a + B) = sina cos f + cosa sin 8

. s T
using a = gand B =3

Verify cos(a + ) = cosa cos f — sina sin 8

. s T
using a = Zand B =3

Let’s Look at an EXAMPLE! Let's PRACTICE!
Sine Double-Angle Identities Cosine Double-Angle Identities | Verify
sin(2a) = sin(a + a) cos(2a) = cos(a + a) csc? g = o4
sina

What should we take away?

sin(a + B) = cos(a + B) =
sin(a — B) = cos(a — B) =
sin(2a) = cos(2a) =

*Note: Difference identities were not verified in the video. Hint: Write the difference as the sum of
the opposite, (@ — B) = (a + (—=pB)). Then use the fact that sine is an odd function, which means

sin(—B) = —sin B, and cosine is an even function, which means cos(—f) = cosf3.
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Topic 3.12 Equivalent Representations of Trigonometric Functions (Daily Video 3)
AP Precalculus

In this video, we will use trigonometric identities to solve trigonometric equations and
inequalities.

Let's look an EXAMPLE!

(the interval on the video is written incorrectly. The interval is
corrected below)

Solve for 8 when 0 < 0 < 2m. Show your work.

sin(26) —sin6 =0

Solve for 8 when 0 < 0 < 2m. Show your work.

sin(260) —sinf > 0

* The note on the video has a typo. It should read: 0 is not included in the solutions since sin(2 - 0) — sin(0) = 0.

Let's PRACTICE!

Using a sum identity, find all values of 6 on [0,27) where sin (9 + g) = 0.

What should we take away?

We can solve trigonometric equations and inequalities using appropriate trigonometric identities.
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